Abstract
Introduction
The analysis of the unsteady flows past oscillating airfoils and wings has been mostly motivated by the efforts made to avoid or reduce undesirable unsteady effects in aeronautics, such as flutter, buffeting, and dynamic stall. Potentially beneficial effects of these unsteady flows have also been studied, such as propulsive efficiency of flapping motion, controlled periodic vortex generation, stall delay, and optimal control of unsteady forces to improve the performance of turbomachinery, helicopter rotors, and wind turbines. The foundations of the unsteady aerodynamics of oscillating airfoils have been established by Theodorsen [44] , Theodorsen & Garrick [45] , Wagner [48] , Kussner [18, 19] , and von Karman & Sears [47] , who studied the unsteady flow past an oscillating thin flat plate and a trailing flat wake of vortices in incompressible flows. This problem has also been studied in Carafoli's Aerodynamics [9] . Further studies involving detailed unsteady flow solutions of oscillating airfoils have been performed by Postel [2, 14, 16] . Some of the recent unsteady aerodynamic studies used panel methods or numerical methods based on finite difference, finite volume or spectral formulations [12, 21, 23, 27, 33, 34, 38] .
The aim of this paper is to present simple and efficient analytical solutions for unsteady subsonic compressible flows past flexible airfoils executing low frequency oscillations. These analytical solutions are obtained with a method using velocity singularities related to the airfoil leading edge and ridges (defined by the changes in the boundary conditions on the airfoil). This method of velocity singularities (different from Theodorsen's method for incompressible flows based on singularities in the velocity potential) represents an extension to compressible flows of the method developed for incompressible flows by Mateescu & Abdo [35] .
The analytical solutions obtained with this method are simple, efficient and in closed form (in contrast with complicated previous solutions based on Fourier series expansions, approximate polynomial fitting for each Mach number and on the numerical evaluations of several integrals [15, 46] ). These efficient solutions are particularly suitable for the aeroelastic studies, in which the unsteady aerodynamic analysis is performed in conjunction with the analysis of the related structural motion involving oscillatory flexural deformations. Although potentially more accurate, a complete numerical approach to solve simultaneously the structural equations of motion and the unsteady Navier-Stokes or Euler equations governing the unsteady flows (using finite difference or finite volume formulations, which involve numerous iterations for each real time step [41] ) requires a substantially large computational effort in terms of computing time and memory, even with the present computing capabilities. For this reason, efficient analytical solutions in closed form can be useful in the aeroelastic studies.
The method is validated for the case of rigid airfoil oscillations in unsteady compressible and incompressible flows. The solutions obtained with this method are found to be in good agreement with the results based on Jordan's data [15] 
→ M
Detailed analytical solutions of the unsteady pressure coefficient distribution on the airfoil are obtained with this method for the case of flexural oscillations in compressible flows. The variations of these coefficients with the Mach number and the reduced frequency of oscillations are also presented. These analytical solutions obtained are computationally very efficient and can be successfully used in the aeroelastic studies.
Problem formulation
Consider a thin airfoil of chord placed in a steady uniform air flow defined by the velocity and by the corresponding pressure, , density, 
and where x and are dimensionless Cartesian coordinates (with respect to the airfoil chord, ) with the origin at the airfoil leading edge, and y c ( )
which ω is the radian oscillation frequency, and
In the case of the rigid airfoil oscillations, the modal amplitude of oscillation can be expressed as ( ) (
defines the airfoil oscillations in translation normal to its chord, and defines the pitching oscillations about an articulation situated at θ a x = . In the above expressions, the reduced quantities marked by a caret, such as , and are in general complex numbers defining the amplitude and the relative phase.
θˆĥ ê The boundary condition on this thin airfoil executing small amplitude oscillations can be expressed, as shown in our previous paper [35] , in the form
( ) ( )
where ( )
are the Cartesian components of the perturbation velocity, deriving from the perturbation velocity potential
is the reduced frequency of oscillations which is assumed small. In compressible flows, the equation of the perturbation velocity potential can be expressed in the linear form (Carafoli, Mateescu and Nastase [11] 
and the unsteady pressure coefficient,
, is defined by the corresponding linear equation obtained from the Bernoulli-Lagrange equation [35] ( )
Method of solution

Problem reduction to an equivalent steady flow
By introducing the reduced velocity potential ( )
equation ( 
The velocity potential transformation (6) leads to the reduced perturbation velocity components, and v , defined as û(
( )
and the boundary condition (3) on the oscillating airfoil can be recast as
By using convenient transformations of the coordinates and the reduced potential, in the form
equation (7) can be reduced to the Laplace equation 
which is satisfied also by the velocity components in this transformed plane
In this transformed plane, the velocity components are harmonic functions and can be expressed as the real and imaginary parts of the complex conjugate velocity 
which is related to the dimensionless perturbation velocity potential
The boundary condition on the oscillating airfoil can thus be expressed in this plane in the complex form
where
which can be expressed in the case of low frequency oscillations as
in which
, with . N n e n > = for 0 (21) Thus, the unsteady problem in compressible flow has been reduced to the solution of an equivalent reduced steady incompressible flow (with more complex boundary conditions), which can be solved in a similar manner to that indicated in our previous paper [35] devoted to the solution of unsteady incompressible flows.
The boundary condition upstream of the airfoil on the extension of its chord [35] is
Shedding vortices analysis and boundary condition on the wake
The intensity of the free vortices shed at the trailing edge ( 1 = x ) of the oscillating airfoil at time t can be determined from Kelvin's theorem for a closed material contour in the form
where is the circulation around the oscillating airfoil [14] defined as
in which the reduced circulation is defined as
Based on Helmholtz' circulation theorem, the free vortices maintain their intensity while they are transported downstream by the moving fluid, and thus the intensity of a distributed free vortex situated at time t in the wake at the location σ c x c = is equal to that issued at the trailing edge at a previous time t t Δ − , where the time lag is
(26) By considering an elementary contour around an infinitesimal length σ d c of the wake, as shown in our previous paper [35] , the distributed free vortices intensity can be expressed as (27) and thus the resulting boundary condition on the wake of the oscillating airfoil is
where . Since
, equation (28) can be viewed as a differential equation in
, with the following solution which represents the boundary condition on the wake:
Contribution of the free vortices in the expression of ( )
Z w
The boundary conditions for the contribution
of the free vortices in the wake defined by the reduced circulation around the airfoil, can be expressed, taking into account (22) and (29), in the complex form
The solution of this problem,
, can be obtained in a similar manner to that presented in our previous paper [35] in the form
Solution of the prototype unsteady problem
Consider first the prototype unsteady problem, corresponding to a sudden change 0 F δ in the boundary condition on the airfoil at S Z = , which is defined by the boundary
where 0 F δ defines a jump in the airfoil boundary condition located at the ridge , and represents the reduced circulation around the airfoil in this case.
The solution for this problem can be expressed in a similar form to that obtained in our previous paper [35] (
in which ( S Z G , represents the contribution of the ridge situated at (where the boundary condition changes) defined as
The constant A δ can be determined from the condition at infinity where the perturbation velocity components become zero [35] resulting
The solution for this prototype unsteady problem can thus be expressed as
The solution for
, defined by an equation similar to (16) , is then obtained in the form
Determination of the reduced circulation
The reduced circulation for the prototype unsteady problem is defined, similarly to (25), as
which leads, after performing the integration in the case of low frequency oscillations, to the expression
in which denotes the Hankel functions of second kind and of order , and and are, respectively, the Bessel functions of the first and second kind and order n .
Reduced pressure coefficient
The unsteady pressure coefficient for the flow past the oscillating airfoil can be expressed, using (5), (8), (13), (15) and (17), in the form
where is the reduced pressure coefficient defined as
For the prototype unsteady problem, one results
and hence 
Lift and Pitching Moment Coefficients
The lift and pitching moment (with respect to the leading edge) coefficients for the oscillating airfoil are defined as
For the prototype unsteady problem in the case of low frequency oscillations, one obtains thus 
with the coefficients defined by (21) in function of modal oscillation amplitude . 
, one obtains the solutions of the unsteady pressure difference coefficient between the lower and upper sides of the oscillating airfoil, in the form
as well as the unsteady lift and pitching moment (with respect to the leading edge) coefficients, expressed in the form 
and k K = ) when they become identical to the corresponding expressions derived for incompressible flows in our previous paper, Mateescu & Abdo [35] .
Method validation for rigid airfoil oscillations in pitching rotation and translation
For rigid airfoil oscillations in pitching rotation, . (58b) For unsteady compressible flows, the present solutions are compared with the previous results given by Jordan [15] , which are based on the method presented in [46] for . This is a rather complicated procedure [15] which uses a Fourier series expansions (similar to Kussner [18] ) and requires the approximate solutions of a succession of integral equations with kernel
from the incompressible flow problem; it also uses an approximating 9 th order polynomial with coefficients determined separately for each Mach number by fitting the polynomial to tabulated values, as well as the numerical evaluations of several integrals.
The comparison with previous unsteady compressible flow results is shown in Figures  2 and 3 , for the variations of the unsteady lift and pitching moment coefficients (with respect to the leading edge),
, with the airfoil position during the oscillatory cycle.
Case of Pitching Oscillations.
The typical variations with the Mach number and the reduced oscillation frequency of the real and imaginary components of the pressure difference coefficient distribution on the airfoil are shown in Figure 1 . In this figure, and in the following, is replaced by Figure 4 fo lues of the reduced frequency of oscillations. The solutions obtained with the od for the limit case of incompressible flows ( ) were found to be in excellent agreement with the previous solutions obtained by Mateescu and Abdo [35] for incompressible flows (no data were found for comparison in the case of the flexural oscillations of flexible airfoils in compressible flows).
Present theory Results based on Jordan' s data
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Conclusions
Efficient analytical solutions in closed form are presented in this paper for unsteady subsonic compressible flows past rigid and flexible airfoils executing low frequency flexural oscillations. These analytical solutions are obtained with a method using velocity singularities related to the airfoil leading edges and ridges (defined by the changes in the boundary conditions), in contrast to Theodorsen's method for incompressible flows which uses singularities in the expression of the velocity potential. The present solutions in closed form obtained for rigid airfoils executing pitching oscillations and normal-to-chord oscillatory translations in compressible flows have been found to be in good agreement with the results based on Jordan's data (obtained by a very complicated procedure based on Fourier series expansions, approximate polynomial fitting for each Mach number and on the numerical evaluations of several integrals). These solutions have also been found in perfect agreement in the limit case with the solutions obtained for unsteady incompressible flows by Theodorsen, Postel & Leppert and by Mateescu & Abdo.
Simple and efficient analytical solutions in closed form are also presented for the chordwise distribution of the unsteady pressure difference coefficient in the general case of flexural oscillations of flexible airfoils.
A detailed study of the variations of the unsteady aerodynamic coefficients with the Mach number and with the reduced frequency of oscillations is also presented.
The analytical solutions obtained in closed form were found to be very efficient computationally and can be successfully used in the aeroelastic studies. 
